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Abstract
A k-linear triangulated categoryA is called locally finite provided∑X∈indA dimk HomA(X,Y ) <∞ for any indecomposable object Y in A. It has Auslander–Reiten triangles. In this paper, we show
that if a (connected) triangulated category has Auslander–Reiten triangles and contains loops, then
its Auslander–Reiten quiver is of the form Lˆn:
  · · · ·       ̂

n n− 1 2 1
By using this, we prove that the Auslander–Reiten quiver of any locally finite triangulated categoryA
is of the form Z−→∆/G, where ∆ is a Dynkin diagram and G is an automorphism group of Z−→∆. For
most automorphism groups G, the triangulated categories with Z−→∆/G as their Auslander–Reiten
quivers are constructed. In particular, a triangulated category with Lˆn as its Auslander–Reiten quiver
is constructed.
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The Gabriel’s well-known theorem [6] tells us that the path algebra of a quiver is of
finite representation type (that is, has only finitely many indecomposable modules up to
isomorphisms) if and only if the underlying diagram of the quiver is a disjoint union of
Dynkin diagrams. Furthermore Riedtmann’s work on self-injective algebras [19] and Hap-
pel’s work on derived categories [8,9] show that Dynkin diagrams also appear in the stable
module categories of self-injective algebras of finite type and in the derived categories of
hereditary algebras of finite representation type. As important examples of triangulated
categories, derived categories of algebras and stable categories of self-injective algebras
inherit some property from their module categories, such as Auslander–Reiten theory.
This motivates Happel to introduce the notion of Auslander–Reiten triangles for trian-
gulated categories in [8,9]. In contrast to module categories of Artin algebras [3], not all
triangulated categories (even the derived categories of finite dimensional algebras) have
Auslander–Reiten triangles. It was proved in [8–10] that the derived category of a finite
dimensional algebra has Auslander–Reiten triangles if and only if the global dimension
of the algebra is finite. Recently, Reiten and Van den Bergh [18] proved that the exis-
tence of Auslander–Reiten triangles is equivalent to the existence of Serre duality in this
triangulated category. A class of triangulated categories satisfying a finite condition was
introduced in [23], which includes stable categories of self-injective finite dimensional
algebras of finite type and derived categories of finite dimensional hereditary algebras of
finite type as special examples. These triangulated categories have Auslander–Reiten trian-
gles and were called of finite type in [23]. We rename them now locally finite triangulated
categories in the sense of Gabriel.1
A triangulated category A is called locally finite if one of the following two equivalent
conditions holds:
(1) ∑X∈indA dimk HomA(X,Y ) < ∞ for any indecomposable object Y in A;
(2) ∑X∈indA dimk HomA(Y,X) < ∞ for any indecomposable object Y in A (compare
with [4] and [23]).
The main aim of this paper is to provide a case of Gabriel’s theorem in triangulated
categories, namely, the Auslander–Reiten quiver of any locally finite triangulated cate-
gory is shaped by Dynkin diagrams. Toward this aim, we should distinguish two classes
of triangulated categories those with loops and those without loops in their Auslander–
Reiten quivers; and we give a characterization of triangulated categories with loops in their
Auslander–Reiten quivers. After that, by using triangulated orbit categories [14] and stable
categories, we construct locally finite triangulated categories for most possible cases.
The contents of the paper are as follows: In Section 1, some notions which will be
needed in the paper are recalled, locally finite triangulated categories are defined. Some
properties of locally finite triangulated categories are given. In Section 2, a general re-
sult about the Auslander–Reiten quivers of triangulated categories with loops is proved,1 This was suggested to us by B.M. Deng.
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the form Lˆn, where Lˆn is the following quiver:
  · · · ·       ̂

n n− 1 2 1
By using this result, Auslander–Reiten quivers of connected locally finite triangulated
categories are proved to be Z−→∆/G where ∆ is a diagram of Dynkin type and G an auto-
morphism group of Z−→∆. In Section 3, we apply covering theory to triangulated categories
over an algebraically closed field. The automorphism groups of Db(k−→∆), for Dynkin dia-
grams ∆, are determined, and for most automorphism groups G, we construct triangulated
categories whose Auslander–Reiten quivers are Z−→∆/G.
1. Preliminaries
1.1. Triangulated categories over a field
We fix some notation and recall some definitions which will be used throughout the
paper. Let k be a field. Any category A in the paper is assumed to be a k-bilinear Hom-
finite additive category with Krull–Schmidt property, i.e., any object can be decomposed
into a direct sum of indecomposable objects, and such decomposition is unique up to
isomorphisms [2,20]. For any category A, we will denote by indA the subcategory of
isomorphism classes of indecomposable objects in A; depending on the context, we shall
use the same notation to denote the set of isomorphism classes of indecomposable objects
in A. The composition of two maps f :M → N and g :N → L in A is denoted by fg.
A is called connected provided for any pair of objects X,Y in A, there are finitely many
objects X1 = X,X2, . . . ,Xn = Y such that HomA(Xi,Xi+1) = 0 or HomA(Xi+1,Xi) = 0
for each i. A category A is called a k-linear triangulated category if A is a k-linear Krull–
Schmidt category and a triangulated category. We refer to [9] and [15] for the definition of
triangulated categories and to [9] for Auslander–Reiten theory for triangulated categories.
The main examples for k-linear triangulated categories are the derived categories of finite
dimensional algebras; the stable categories of self-injective finite dimensional algebras.
1.2. Auslander–Reiten triangles
The notation of Auslander–Reiten triangles in a triangulated category were introduced
by Happel [8,9].
Definition 1.2.1. Let A be a triangulated category. A triangle X u−→ Y v−→ Z w−→ TX in A
is called an Auslander–Reiten triangle if the following conditions are satisfied:
(AR1) X and Z are indecomposable.
(AR2) w = 0.
(AR3) If f :W → Z is not a retraction (i.e., there is no g :Z → W such that gf = 1Z),then there exists f ′ :W → Y such that f ′v = f .
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are irreducible maps. The object X is denoted by τZ, Z is denoted by τ−1X and they
are uniquely determined each other (up to isomorphism), where τ is the Auslander–Reiten
translation [8,9].
One says that a triangulated category A has Auslander–Reiten triangles if for any in-
decomposable object Z ∈ ObjA, there exist an AR-triangle ending at Z: X → Y → Z →
TX, and an AR-triangle starting at Z: Z → M → N → T Z. In this case, A is also called
a triangulated category with Auslander–Reiten triangles.
1.3. Serre functors
Now we recall the notation of Serre functor from [18]. Let A be a k-linear triangulated
category. A right Serre functor is an additive functor H :A→ A together with isomor-
phisms
ηA,B : Hom(A,B) → Hom(B,HA)∗
for any A,B ∈ A which is natural in A and B , where (−)∗ = Homk(−.k). A left Serre
functor can be defined dually. We call a triangulated category has Serre functor if it has
right and left Serre functor. Any right Serre functor is fully faithful, and Serre functor is an
equivalence of triangulated categories.
The precise relation between the existences of Auslander–Reiten triangles and of Serre
functor was given in [18]: For a k-linear triangulated category A, A has a Serre functor if
and only if it has Auslander–Reiten triangles. Moreover, the action of the Serre functor on
objects coincides with τT .
1.4. Locally finite triangulated categories
Now we define the notation of locally finite triangulated categories (compare [23]).
Definition 1.4.1. A k-linear triangulated category A is called locally finite provided
SuppHom(X,−) contains only finitely many indecomposable objects (denoted by
|SuppHom(X,−)| < ∞ for simplicity) for any object X in indA, where SuppHom(X,−)
denotes the subcategory generated by objects Y in indA with HomA(X,Y ) = 0.
The derived categories of finite dimensional hereditary algebras of finite type and the
stable module categories of finite dimensional self-injective algebras of finite type are ex-
amples of locally finite triangulated categories.
The following two lemmas were proved in [23] which are needed later on. We refer the
reader to [23] for their proofs.
Lemma 1.4.2. A k-linear triangulated category A is locally finite if and only if
|SuppHom(−,X)| < ∞ for any object X in indA.
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Auslander–Reiten triangles.
1.5. Dynkin diagrams
We recall the Dynkin diagrams and the diagram Ln from [11,12].
The Dynkin diagrams are the following:
An ◦ ◦ ◦ · · · ◦ ◦ ◦ E6
◦
◦ ◦ ◦ ◦ ◦
Bn ◦
(1,2)◦ ◦ · · · ◦ ◦ ◦ E7
◦
◦ ◦ ◦ ◦ ◦ ◦
Cn ◦
(2,1)◦ ◦ · · · ◦ ◦ ◦ E8
◦
◦ ◦ ◦ ◦ ◦ ◦ ◦
Dn
◦
◦ ◦ · · · ◦ ◦ ◦
◦
F4 ◦ ◦
(1,2)◦ ◦
G2 ◦
(1,3)◦
and
Ln ©◦ ◦ · · · ◦ ◦ ◦ .
For any diagram Γ in the list above, there is a subadditive function f :Γ0 → N which
is not additive. The existence of non-additive subadditive function characterizes these dia-
grams [11,12].
2. Gabriel’s theorem for triangulated categories
2.1. Auslander–Reiten quivers
The Auslander–Reiten quivers of derived categories of some finite dimensional alge-
bras are displayed in [8,9]. In this section, we will give a description of Auslander–Reiten
quivers of locally finite triangulated categories.
We recall the notation of Auslander–Reiten quiver ΓA of a triangulated category
from [9]. LetA be a triangulated category with Auslander–Reiten triangles. The Auslander–
Reiten quiver ΓA is a valued stable translation quiver, its vertices are the isomorphism
classes [X] of indecomposable objects in A; for two vertices [X] and [Y ], there is an
arrow with valuation (a, a′) as follows:
(a,a′)
X −−−→ Y
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Z → Xa ⊕M → Y → T Z,
X → Ya′ ⊕N → Z → TX,
with X not being isomorphic to a direct summand of M and Y not being isomorphic to a
direct summand of N respectively.
2.2. Triangulated categories with loops in their Auslander–Reiten quivers
An arrow starting and ending at the same vertex in a valued translation quiver is called
a loop. It is well known that the Auslander–Reiten quiver of an Artin algebra contains no
loop [2,3,20]. But for representations of orders and isolated singularity, loops appear in
their stable Auslander–Reiten quivers [5,22]. Therefore there are stable categories of Bass
orders with loops in their Auslander–Reiten quivers [13,22]. We will prove a general result
on the shape of Auslander–Reiten quivers of k-linear triangulated categories with loops.
The result indicates that if the Auslander–Reiten quiver of a triangulated category contains
loops, then the triangulated category is very special (as follows).
Theorem 2.2.1. Let A be a connected k-linear triangulated category with Auslander–
Reiten triangles. Suppose its Auslander–Reiten quiver ΓA contains loops. Then ΓA is of
the form
  · · · ·       ̂

n n− 1 2 1
where n is a positive integer. Such quiver is denoted by Lˆn.
To prove the theorem, we need to prove a technical lemma. First of all, we set lP (−) =
dimk Hom(P,−) which is a function on indA.
Lemma 2.2.2. Suppose the Auslander–Reiten triangle starting at N is: N → M ⊕ Y →
N → TN with M indecomposable and τM ∼= M . If lP (M) lP (N) for any indecompos-
able object P , then Y is indecomposable or is zero, τY ∼= Y and lP (N) lP (Y ).
Proof. Let Y =⊕s1 Yi be the decomposition of Y into indecomposable objects. Then the
conditions that τM ∼= M and τN ∼= N imply that τ induces a permutation on {Y1, . . . , Ys}.
Firstly, we claim that τYi ∼= Yi , for all i. Otherwise we assume that τY2 ∼= Y1 and the
Auslander–Reiten triangle starting at Y1 is Y1 → N ⊕ X → Y2 → T Y1. By applying
Hom(N,−) to this triangle and the Auslander–Reiten triangle starting N respectively, we
have the following inequalities:
lN (Y1)+ lN (Y2) lN (N)+ lN (X), (1)2lN (N) > lN(M)+ lN (Y ). (2)
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contradiction to (1). This shows that τYi ∼= Yi for all i. Next we prove that the number of
indecomposable summands of Y is less than 2. Otherwise we take two indecomposable
summands Y1, Y2 and assume that the Auslander–Reiten triangle starting at Yi is of the
form: Yi → N ⊕Pi → Yi g−→ T Yi, i = 1,2. By applying Hom(N,−) to these two triangles
respectively, we have that
2lN (Yi) lN (N)+ lN (Pi) ∀i.
Then 2(lN (Y1) + lN (Y2))  2lN (N) + lN (P1) + lN (P2). Combining with inequality (2),
we have that 2(lN (Y1)+ lN (Y2)) 2lN (N)+ lN (P1)+ lN (P2) > 2lN (Y ), which is a con-
tradiction. This shows that the number of indecomposables of Y is less than 2. Finally, we
prove the last statement in the lemma. By applying Hom(P,−) to the Auslander–Reiten
triangle starting at N , we get that 2lP (N)  lP (M) + lP (Y ). It follows from the given
condition lP (M) lP (N) that lP (N) lP (Y ). This finishes the proof. 
Proof of Theorem 2.2.1. Suppose there is a loop at X in ΓA. Then we can assume that
the Auslander–Reiten triangle starting at X is: X u−→ X ⊕ M v−→ τ−1X w−→ TX. We prove
that X ∼= τ−1X. Otherwise M ∼= τ−1X ⊕ M1. Now by applying Hom(τ−1X,−) to the
Auslander–Reiten triangle above, we have that
lτ−1X(X)+ lτ−1X
(
τ−1X
)
> lτ−1X(X)+ lτ−1X
(
τ−1X
)+ lτ−1X(M1).
It implies that lτ−1X(M1) < 0, which is a contradiction. Then we have that X ∼= τ−1X and
the Auslander–Reiten triangle starting at X is:
X
u−→ X ⊕M v−→ X w−→ TX.
If M = 0, i.e., the Auslander–Reiten triangle starting at X is X u−→ X v−→ X w−→ TX.
It follows that the space Irr(X,X) of irreducible map from X to X has dimension 1 as
left or right D-space respectively, where D = EndX/ rad(EndX). Then u = tv, for some
t ∈ D, and ut = t ′u for some t ′ ∈ D. For any other indecomposable object Y ∈ indA
which is not isomorphic to X, if there exists a non-zero morphism f ∈ Hom(X,Y ), then
there exists a morphism g :X → Y such that f = ug, where g is not a section. Also for g,
there is a morphism g1 ∈ Hom(X,Y ) such that g = ug1. It follows that f = ug = u(ug1) =
((utv)g1) = (t ′uv)g1 = 0. It is a contradiction. Therefore Hom(X,Y ) = 0. Similarly we
have that Hom(Y,X) = 0. Then the connectedness of A makes indA = {X}. Then ΓA
is Lˆ1.
Next we assume M = 0. Since the Auslander–Reiten triangle starting at X is X u−→
X ⊕ M v−→ X w−→ TX, it is easy to see lP (X) lP (X). It follows from Lemma 2.2.2. that
M is indecomposable, τM ∼= M and lP (X) lP (M).
In the following, we denote M by M1. Now we consider the Auslander–Reiten triangle
starting at M1: M1 → X ⊕ N → M1 → TM1. By Lemma 2.2.2. again, we have that the
number of indecomposable summands of N is less than 2 and τN ∼= N . If N = 0, then the
connected component containing X is Lˆ2. If N = 0, we continue this process and get a Lˆn
(n possibly ∞) in the Auslander–Reiten component Γ :
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We now prove n must be finite. From the Auslander–Reiten triangle starting at X: X →
X ⊕ M1 → X → TX, we have lX(X) > lX(M1). Let M1 → X ⊕ M2 → M1 → TM1
be the Auslander–Reiten triangle. By applying Hom(X,−) on it, we have the inequality:
2lX(M1)  lX(M2) + lX(X). It follows that lX(M1) > lX(M2). An easy induction on t
shows that lX(Mt) > lX(Mt+1). Therefore we have the strictly inequality:
lX(X) > lX(M1) > · · · > lX(Mt) > · · · .
Therefore n must be finite since lX(X) is a positive integer. For any indecomposable ob-
ject N , by the connectedness of A, we have that Hom(N,X) = 0 or Hom(X,N) = 0 for
some X ∈ Lˆn. We assume that N /∈ Lˆn and f :X → N is not 0. Then there is a chain of
infinitely many irreducible maps between indecomposable objects in Lˆn such that f fac-
tors through any maps in the chain. It follows that f = 0, contracting to the assumption
above. This shows that N ∈ Lˆn. Then Lˆn is the Auslander–Reiten quiver. The proof is
finished. 
Corollary 2.2.3. Assume that A is a k-linear connected triangulated category with
Auslander–Reiten triangles, and ΓA contains loops. Then TX ∼= X for any X ∈A.
Proof. By Theorem 2.2.1, the Auslander–Reiten quiver ΓA = Lˆn. It is necessary to prove
that T Y ∼= Y for any Y ∈ Ln. If Y = X, and assume that
X → X ⊕M1 → X → TX (1)
is the Auslander–Reiten triangle starting at X, then
TX → TX ⊕ TM1 → TX → T 2X (2)
is the Auslander–Reiten triangle starting TX, and with a loop at it. Then TX ∼= X since the
loop in the Auslander–Reiten component does exist at only X in Lˆn. The Auslander–Reiten
triangles (1) and (2) at X shows that TM1 ∼= M1. An induction on t proves that TMt ∼= Mt
for Mt ∈ Lˆn. This shows that for any indecomposable object Y ∈ Lˆn, T Y ∼= Y . 
2.3. Gabriel’s theorem for triangulated categories
In this subsection, the k-linear triangulated category A is assumed to be locally finite.
We recall from [11] the definition of subadditive function on a valued translation quiver
Γ = (Γ0,Γ1, τ, a). A function f from a translation quiver Γ to N is called subadditive if
f (x) + f (τx)∑y→x f (y)a′yx for all non-projective vertices x. A subadditive function
is additive if f (x)+ f (τx) =∑y→x f (y)a′yx for all non-projective vertices x.
Remark 2.3.1. For any generalized Dynkin diagram ∆, there is a non-additive subadditive−→function on the translation quiver Z∆ (see [11]).
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f (X) = dimk HomA(M∗,X),
where X ∈ indA.
Remark 2.3.2. From the definition of locally finiteness of triangulated categories, one
knows that the function f is well defined.
The following lemmas are proved in [23], we give a simpler proof for the completeness.
Lemma 2.3.3. f is a non-additive subadditive function on ΓA.
Proof. It is necessary to prove that for any Auslander–Reiten triangle τX → Y → X →
T τX, f (τX)+f (X) > f (Y ). For any indecomposable object N , by applying Hom(M,−)
to the Auslander–Reiten triangle above, we have that lN (τX) + lN (X)  lN (Y ). The
inequality is strict if N ∼= X. Then by summing all inequalities where N runs all inde-
composable objects, we have the required inequality: f (τX) + f (X) > f (Y ). The proof
is finished. 
Lemma 2.3.4. f (τX) = f (X) for any X ∈ ΓA.
Proof. By Theorem I.2.4. in [18] and Proposition 1.4.3, there is a Serre functor H and
H = τT on objects ofA. Then τX = HT −1(X) for any X ∈ indA. Thus Hom(τX, τY ) =
Hom(HT −1(X),HT −1(Y )) ∼= Hom(T −1(X),T −1(Y )) ∼= Hom(X,Y ). Then f (τX) =
dimk Hom(M∗, τX) = dimk Hom(τM∗, τX) = dimk Hom(M∗,X) = f (X). The proof is
finished. 
Now we come to prove the main theorem in this section, which was proved in [23] under
the assumption that the Auslander–Reiten quiver ΓA contains no loops.
Theorem 2.3.5. Let A be a locally finite triangulated category. Then its Auslander–Reiten
quiver ΓA is isomorphic to Z
−→
∆/G, where ∆ is a diagram of Dynkin type and G an auto-
morphism group of Z−→∆.
Proof. Let A be a locally finite triangulated category. Firstly we assume that ΓA contains
no loops. By Lemmas 2.3.3, 2.3.4, we have a subadditive function f on ΓA, which is not
additive and f (τX) = f (X), for any indecomposable object X. It follows from [11] that
ΓA ∼= Z−→∆/G and ∆ is a Dynkin diagram or A∞. Since A is locally finite, A∞ is not
allowed. Next we consider the case that ΓA contains loops. It follows from Theorem 2.1.1.
that ΓA is of the form Lˆn. In the following, we prove that Lˆn ∼= Z−−→A2n/〈T τn〉, where −−→A2n
denotes the linear orientation of A2n. Let (i, aj ) denote the vertices of Z
−−→
A2n, where i ∈ Z
and aj are vertices of
−−→
A2n. For any arrow aj → aj+1 in −−→A2n, there are an arrow (i, aj ) →
(i, aj+1) and an arrow (i − 1, aj−1) → (i, aj ). It is easy to see τ(i, aj ) = (i − 1, aj ) and
T (i, aj ) = (i + j, a2n−j+1). Since T and τ are automorphisms of triangulated categories,
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So we have (T τn)−2 = τ and then τ ∈ 〈T τn〉. Therefore the orbit quiver Z−−→A2n/〈T τn〉
of Z−−→A2n contains only vertices (0, ai) where i = 1, . . . , n, and it is of the form Lˆn. The
proof is finished. 
Remark 2.3.6. There is a derived category of k−→∆ whose Auslander–Reiten quiver is Z−→∆
for any Dynkin diagram ∆. For Lˆn, in the next section, we will provide an example of
k-linear triangulated categories with Lˆn as its Auslander–Reiten quiver.
3. Covering theory for triangulated categories
Throughout this section, we assume that k is an algebraically closed field. As we have
seen in Section 2, Auslander–Reiten quivers of locally finite triangulated categories are of
the form Z−→∆/G, where G is automorphism group of Z−→∆ for some Dynkin diagram ∆. An
interesting problem is how to construct triangulated categories whose Auslander–Reiten
quivers are of the form Z−→∆/G. Thanks to the result in [14], we will construct triangulated
categories for most G, in particular, a k-linear triangulated category with Auslander–Reiten
quiver of the form Lˆn. The construction will involve covering technique in representation
theory of algebras (see [4] and [7]).
3.1. Covering for triangulated categories
Let A, A0 be k-linear triangulated categories and F :A→A0 the triangle functor with
the property: F(X) ∈ indA0 for any X ∈ indA. Then functor F induces a functor from
indA to indA0 which is also denoted by F . A triangle functor F :A→A0 is called a cov-
ering functor of triangulated categories provided the induced functor F : indA→ indA0
is a covering functor in the sense of Bongartz–Gabriel [4,7], i.e., the maps
⊕
F(z)=b
HomA(x, z) → HomA0
(
F(x), b
)
and
⊕
F(t)=a
HomA(t, y) → HomA0
(
a,F (y)
)
which are induced by F , are bijective for any two objects a and b of indF(A) ⊆ indA0.
The triangle functor F :A→A0 is called a Galois covering functor with a Galois group G
provided the induced functor F : indA→ indA0 is Galois with a Galois group G [4,7].
Covering functor between homotopy categories over algebras was considered in [1].
It was proved that for a Galois covering F :A → A/G with a Galois group G in the
sense of [4,7], there is a Galois covering functor Hb(proA) → Hb(proA/G) with Ga-
lois group G.
Let A be a finite dimensional k-algebra and n a positive even integer. It was proved
in [16] that there are a triangulated category denoted by Db(A)/〈T n〉 and a functor
J. Xiao, B. Zhu / Journal of Algebra 290 (2005) 473–490 483F :Db(A) → Db(A)/〈T n〉 which is a Galois covering functor with Galois group 〈T n〉.
The results there were used to construct Lie algebras in [16,17].
Lemma 3.1.1. Let F :A→A0 be an additive functor of triangulated categories such that
the induced functor F : indA→ indA0 is a covering functor in the sense of Bongartz–
Gabriel. If F is dense, then A is locally finite if and only if so is A0.
Proof. Assume A is locally finite. Let a be an indecomposable object in A0 and x one of
indecomposable objects in F−1(a). Then for any b ∈ indA0, we have a bijection
⊕
F(z)=b
HomA(x, z) → HomA0(a, b).
It follows from the finiteness of dimk HomA0(a, b) that indF−1(b) contains only fi-
nitely many indecomposable objects with non-zero morphism starting from x. Therefore∑
b∈indA0 dimk HomA0(a, b) =
∑
b∈indA0
∑
F(y)=b dimk HomA(x, y) < ∞. Hence A0 is
locally finite. Now we prove the converse. Let x be an indecomposable object of A, and
a = F(x). The bijection
⊕
F(z)=b
HomA(x, z) → HomA0(a, b)
implies that there are finitely many z ∈ indA such that HomA(x, z) = 0. It follows from
the finiteness of indecomposable objects in A0 with non-zero morphisms from a that there
are only finitely many indecomposable objects in A with non-zero morphisms from x.
Then A is locally finite. The proof is finished. 
Remark 3.1.2. From the lemma above, we know if F :A→ A0 is a covering functor of
triangulated categories which is dense, then A is locally finite if and only if so is A0.
Proposition 3.1.3. LetA be a locally finite connected k-linear triangulated category. Then
ΓA is isomorphic to Z
−→
∆/G, where ∆ is a diagram of classical Dynkin type A,D,E.
Proof. From Theorem 2.3.2 and Lemma 3.1.1, without loss of the generality, we as-
sume A is a k-linear triangulated category with Z−→∆ as its Auslander–Reiten quiver.
There are no cycles (paths starting and ending at the same vertex) in Z−→∆. It follows that
EndAX is k. For the valuation (aX,Y , a′X,Y ) on the arrow from X to Y in ΓA, we have
aX,Y = dimk Irr(X,Y ) = a′X,Y [2,9]. From the listing of Dynkin diagrams in Section 1,
one has that aX,Y = a′X,Y = 1. Then ∆ is a Dynkin diagram of A,D,E type. The proof is
finished. 
Proposition 3.1.4. Let A be a locally finite connected k-linear triangulated category.
Then there is an additive functor F :Db(k−→∆) → A such that the induced functor
F : indDb(k−→∆) → indA is a covering functor in the sense of Bongartz–Gabriel and
FT ∼= T F , where ∆ is a diagram of classical Dynkin type A,D,E.
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contain loops, there is a covering of translation quivers π : Z−→∆ → ΓA, where ∆ is a di-
agram of classical Dynkin type A,D,E [4]; when ΓA contains loops, ΓA ∼= Lˆn and
then ΓA ∼= Z−−→A2n/〈T τn〉, for which there is a covering functor of translation quivers
π : Z−−→A2n → ΓA. It follows from (Section 3.1 in [3]) that there is a covering functor
F : k(Z−→∆) → indA, where k(Z−→∆) is the mesh category of Z−→∆. From Proposition 5.6
in [8], we know that indDb(k−→∆) is equivalent to k(Z−→∆). Therefore we have the cover-
ing functor F : indDb(k−→∆) → indA. By extending the functor F to Db(k−→∆), we have
the desired functor from Db(k−→∆) to A which is also denoted by F . F preserves the
Auslander–Reiten triangles since it is a covering of translation quivers if we restrict F
to the Auslander–Reiten quiver of Db(k−→∆). Therefore for any indecomposable object X,
FT (X) ∼= T F(X). Then FT ∼= T F . The proof is finished. 
Remark 3.1.5. The functor F should be a triangle functor of triangulated categories, but
we do not find a proof for it at the present.
Corollary 3.1.6. Let A be a k-linear triangulated category having Auslander–Reiten tri-
angles. ThenA is locally finite if and only if the Auslander–Reiten quiver ΓA is isomorphic
to Z−→∆/G, where ∆ is a diagram of classical Dynkin type.
Proof. The necessity follows from Theorem 2.3.5. We prove the sufficiency. Using the
same proof as for Proposition 3.1.4., we have a covering functor F : indDb(k−→∆) → indA
in the sense of Bongartz–Gabriel which is dense on objects. It is easy to know Db(k−→∆) is
of locally finite type for any Dynkin diagram ∆. By Lemma 3.1.1, A is locally finite. The
proof is finished. 
3.2. Covering for Frobenius categories
In the subsection, we study the Galois covering of stable categories of Frobenius cat-
egories. The stable category of a Frobenius category A is denoted by stab(A). It is a
k-linear triangulated category whose translation functor is the suspension functor [9]. Let
F be a functor between two Frobenius categories. If F preserves projective objects, then
F induces a functor between the corresponding stable categories, which is also denoted
by F .
Proposition 3.2.1. Let Aˆ and A be Frobenius categories, F : Aˆ→ A a Galois covering
functor with group G. If F preserves projectives and all projectives in A are images of
projectives in A˜ under the functor F , then the induced functor F : stab(Aˆ) → stab(A) is a
Galois covering functor with group G.
Proof. It is easy to see that f :a → b factors through an injective object in Aˆ if and only
if F(f ) :F(a) → F(b) factors through an injective object in A. Then F : stab Aˆ→ stabA
is a covering functor with Galois group G. It remains to prove that F preserves triangles.
Since F is covering functor, F is faithful, and then F preserves injective (surjective) mor-
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Z is isomorphic to the push-out of f and the injective cover of X :X → I (X) (in stab(A˜),
we can assume that Z is this push-out), i.e., we have the following push-out diagram:
0 X
i
f
I (X) T (X) 0
0 Y Z T (X) 0 .
By applying F to this diagram, we also get a push-out diagram. This shows that
F(X)
F(f )−−−→ F(Y ) → F(Z) → T F(X) is a distinguished triangle. The proof is fin-
ished. 
For a finite dimensional algebra A, we denote by T (A) the trivial extension of A. It is a
Z-graded algebra. The category gr-mod(T (A)) of Z-graded T (A)-modules is isomorphic
to the module category of the repetitive algebra Aˆ of A.
Corollary 3.2.2. The forgetful functor F : stab(mod Aˆ) → stab(modT (A)) is a Galois cov-
ering functor with Galois group G = 〈T 2τ 〉.
Proof. T (A) and Aˆ are self-injective algebras and F : mod Aˆ → modT (A) is a Galois
covering with Galois group G. By applying Proposition 3.2.1, we get the desired conclu-
sion. The proof is finished. 
3.3. Automorphisms of Dynkin diagrams
For each classical Dynkin diagram ∆ of type A,D,E, we fix an orientation on it as
follows:
An ◦ ◦ ◦ ◦ · · · ◦ ◦
Dn
2◦
1◦ ◦ ◦ · · · ◦ ◦ ◦
E6
◦
◦ ◦ ◦ ◦ ◦
E7
◦
◦ ◦ ◦ ◦ ◦ ◦
◦
E8 ◦ ◦ ◦ ◦ ◦ ◦ ◦
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Lemma 3.3.1. Let ∆ be one of classical Dynkin diagrams and −→∆ the corresponding quiver
with the fixed orientation as above. We fix an embedding of −→∆ in Z−→∆. If σ is an automor-
phism of translation quiver Z−→∆, then σ(−→∆) is isomorphic to −→∆ as subquivers of Z−→∆.
Proposition 3.3.2. Let ∆ be one of classical Dynkin diagrams. Then the automorphism
groups Aut(Z−→∆) can be described as follows:
(1) When ∆ is of type An, Aut(Z−→An) ∼= 〈T , τ 〉/〈T 2τn+1〉;
(2) When ∆ is of type Dn, Aut(Z−−→Dn) ∼= 〈τ, σ 〉; where σ is the automorphism induced by
the automorphism of Dn which fixes all vertices in Dn except exchanging vertices 1
and 2;
(3) When ∆ is of type E6, Aut(Z−→E6) ∼= 〈T , τ 〉/〈T 2τ 12〉;
(4) When ∆ is of type En, for n = 7,8, Aut(Z−→En) ∼= 〈τ 〉.
Proof. Obviously T and τ are automorphisms of Z−→∆ for any Dynkin diagram ∆ and
σ is also an automorphism of Z−−→Dn. Let f be an automorphism of Z
−→
∆. It follows from
Lemma 3.3.1 and a routine exercise that f is a power of T or τ . For ∆ = An, we have that
T 2 = τ−(n+1); for ∆ = Dn, we have that T = τ−n; for ∆ = E6, we have that T 2 = τ−12;
for ∆ = E7, we have that T = τ−9 and for ∆ = E8, we have that T = τ−15. This finishes
the proof. 
Let A be an arbitrary triangulated category. A sextuple X u−→ Y v−→ Z w−→ TX is called
an anti-triangle if X u−→ Y v−→ Z −w−−→ TX is a triangle inA. The categoryA, endowed with
the family of anti-triangles, is a triangulated category. We denote it by Aa .
Proposition 3.3.3. Let A be a triangulated category. Then the translation functor T in-
duces a triangle functor (in fact, an isomorphism) (T , idT 2) from A to Aa and a triangle
functor (in fact, an isomorphism) (T ,−idT 2) fromA to itself. Moreover, A has Auslander–
Reiten triangles if and only if so has Aa and their Auslander–Reiten quivers are the same,
T induces an automorphism of translation quiver ΓA, which is also denoted by T .
Proof. Let X u−→ Y v−→ Z w−→ TX be a triangle in A. Then the image of this triangle un-
der T is a triangle in Aa, since it is isomorphic to the anti-triangle TX −T u−−−→ T Y −T v−−−→
T Z
Tw−−→ T 2X. Then T is triangle functor from A to Aa . If A has Auslander–Reiten tri-
angles, then Aa has so. The Auslander–Reiten quivers of them are the same. Therefore T
induces an automorphism of this quiver ΓA. The proof is finished. 
By Propositions 3.3.2 and 3.3.3, we have all automorphisms of Db(k−→∆) for Dynkin
diagrams ∆.
Corollary 3.3.4. Let ∆ be one of classical Dynkin diagrams. Then the shift functor T and
Auslander–Reiten translation τ are generators of automorphism groups of Db(k−→∆) which
satisfy the relations in Proposition 3.3.2.
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F :Db(k
−→
∆) → Db(k−→∆) be a triangle functor, which is assumed to satisfy the following
properties; see [14].
(g1) For each U in indk−→∆, only a finite number of objects FnU , where n ∈ Z, lie in
indk−→∆.
(g2) There is some N ∈ N such that {U [n] | U ∈ ind k∆,n ∈ [−N,N ]} contains a system
of representatives of the orbits of F on indDb(k−→∆).
We denote by Db(k−→∆)/F the corresponding factor category. The objects are by defini-
tion the F -orbits of objects in Db(k−→∆), and the morphisms are given by
HomDb(k−→∆)/F
(
X˜, Y˜
)=⊕
n∈Z
HomDb(k−→∆)
(
X,FnY
)
.
Here X and Y are objects in Db(k−→∆), and X˜ and Y˜ are the corresponding objects in
Db(k
−→
∆)/F . It is proved by Keller [14] that Db(k−→∆)/F is a triangulated category and that
the natural functor π :Db(k−→∆) → Db(k−→∆)/F is a triangle functor. The shift in Db(k−→∆)/F
is induced by the shift in Db(k−→∆), and is also denoted by T .
Theorem 3.3.5. Let ∆ be a Dynkin diagram, m,n integers. Let G be one of the automor-
phism groups of Z−→∆ of the forms (τm), (T m) for any m, or of the form (T τm), where
m = (n+1)/2 if ∆ is of type An; or m = 6 if ∆ is of type E6. Then there are a locally finite
triangulated category Db(k−→∆)/G, and a covering functor π :Db(k−→∆) → Db(k−→∆)/G with
Galois group G.
Proof. Let F be one of the automorphisms τm, T m, or T τm satisfying the conditions in
the theorem. Then F is a triangle functor satisfying conditions (g1) and (g2) above, and
the orbit category Db(k−→∆)/F is a Krull–Schmidt triangulated category and the projection
functor π :Db(k−→∆) → Db(k−→∆)/F is a triangle functor [14]. Given an indecomposable
object X in Db(k−→∆), its image F(X) is indecomposable in Db(k−→∆)/G. Therefore π in-
duces a functor between their indecomposables π : ind(Db(k−→∆) → indDb(k−→∆)/F , it is a
covering functor in the sense of Bongartz–Gabriel [4]. This finishes the proof. 
Corollary 3.3.6. The orbit category Db(k−−→A2n)/τnT is a triangulated category with
Auslander–Reiten quiver Lˆn.
Proof. The group 〈τnT 〉 contains τ since τ 2n+1 = T −2 as automorphisms of Db(k−−→A2n).
Then the Auslander–Reiten quiver of the orbit triangulated category Db(k−−→A2n)/τnT is
Z−−→A2n/τnT . It is isomorphic to Lˆn as proved in the proof of Theorem 2.3.5. The proof is
finished. 
Example 3.3.7. The k-linear triangulated category Db(k−→A2)/τT has one indecomposable
with one loop. Its AR-quiver is •©.
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lated categories with Z−−→Am/〈τn〉 as their Auslander–Reiten quivers.
Proposition 3.3.8. For any positive integers n and m, there is a stable category A with
Z
−−→
Am/〈τn〉 as its Auslander–Reiten quiver, and there is a Galois covering F :Db(−−→Am) →A
with Galois group 〈τn〉.
Proof. Let Aˆ = kQˆ/I be the infinite dimensional algebra, where Qˆ is the infinite quiver:
· · · α ◦ α ◦ α ◦ · · · ◦ α ◦ α · · ·
0 1 n n+ 1
and I is generated by αm+1. It is easy to see that Aˆ = kQˆ/I is a self-injective algebra whose
stable Auslander–Reiten quiver is Z−−→Am. Aˆ = kQˆ/I is the Galois cover of A = kQ/I0 with
Galois group Cn, the cyclic group of order n, where Q is the quiver
2◦ α 3◦
1◦
α
·
·
◦
n
α
◦
n−1α
·
and I0 is generated by αm+1. Then A is also a self-injective algebra. It follows
from Bongartz–Gabriel that there is a Galois covering F : ind Aˆ → indA with Galois
group 〈τm〉. F preserves the injective modules in Aˆ-mod and all injective A-modules
are images of injective Aˆ-modules. Then by Proposition 3.2.1 that F : stab(Aˆ-mod) →
stab(A-mod) is a Galois covering of triangulated categories with Galois group 〈τn〉. Then
the Auslander–Reiten quiver of stab(A-mod) is ZAm/〈τn〉. The proof is finished. 
3.4. Grothendieck groups of locally finite triangulated categories
Now we apply Theorem 2.3.5 to the Grothendieck groups of triangulated categories. We
recall some basics on the Grothendieck groups of triangulated categories from [9,10,23].
Let K be the free abelian group generated by representatives of the isomorphism classes
of objects in A and K0(A,0) the factor groups of K by the subgroup generated by the
elements of the form [A] + [C] − [A⊕C]. We have the following well-known facts:
(1) The set {[M] | M ∈ indA} is a free basis for K0(A,0);
(2) The Grothendieck group K0(A) of A is the factor group of K0(A,0) modulo the
subgroup G(A) generated by elements of the forms: [A] + [C] − [B], provided there
exists δ :A → B → C → TA.(3) There is a canonical epimorphism φ :K0(A,0) → K0(A).
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K0(A)  Zn/H .
Proof. If ΓA contains loops, then ΓA = Lˆn. It is easy to see that K0(A) = 0. If ΓA con-
tains no loops, from Theorem 2.3.5, Proposition 3.1.4, we have a functor F :Db(k−→∆) →
A, which induces a surjective group morphism f :K0(Db(k−→∆,0)) → K0(A,0) : [X] →
[FX]. The restriction of F to indDb(k−→∆) preserves Auslander–Reiten triangles. We know
from Theorem 2.1 in [23] that the relation group G(A) is generated by all Auslander–
Reiten triangles in A for any locally finite triangulated category. Therefore the map f
maps the relation group G(Db(k−→∆)) of the Grothendieck group of Db(k−→∆) to the relation
group G(A) of the Grothendieck group of A. It follows that f induces a surjective mor-
phism from Db(k−→∆) to that of A. It follows from Lemma 1.2 in Chapter III in [9] that
K0(Db(k∆))  Zn where n is the number of vertices of ∆. Then K0(A)  Zn/H . The
proof is finished. 
Remark 3.4.2. There are triangulated categories with no loops but their Grothendieck
groups are zero. We refer to [21] for examples.
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